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NMR linewidth and Skyrmion loalization in quantum Hall ferromagnets
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The non-monotoni behavior of the NMR signal linewidth in the 2D quantum Hall system is
explained in terms of the interplay between skyrmions loalization, due to the inuene of disorder,
and the non-trivial temperature dependent skyrmion dynamis.
PACS numbers: 73.43.-f, 73.21.-b, 73.43.Lp
I. INTRODUCTION
The ground state of the two-dimensional eletron gas
(2DEG) at lling fator one (ν = 1) is a spin-polarized
state
1
in whih all eletrons ompletely ll the lowest
Landau level with spin up polarization (quantum Hall
ferromagnet). The low lying harged exitation of the
2DEG is alled skyrmion, or harged spin texture, and
arries an unusual spin distribution
2
. Pitorially, this dis-
tribution an be viewed as a onguration in whih the
spin eld points down at a given position and smoothly
rotates as one moves radially outwards from that point,
until all the spins are polarized as in the ground state.
These non-trivial objets are topologially stable, with its
size -the number of reversed spins- xed by the ompe-
tition between the Coulomb and Zeeman interations
3
.
The existene of this many body eletroni state was
onrmed by Barrett and oworkers
4
who performed op-
tially pumped nulear magneti resonane (OPNMR)
measurements of the
71
Ga nulei loated in an n-doped
GaAs multiple quantum well. As the nulei of the quan-
tum wells are oupled to the the spins of the 2DEG via
the isotropi Fermi ontat interation, the Knight shift
(Ks) from the NMR signal gives information about the
spin polarization of the 2DEG. It was reported that Ks
symmetrially drops around ν = 1, showing that the
harged exitation of the quantum Hall ferromagnet in-
volves a large number of spin-ips
4
in ontrast with the
expeted behavior for non-interating eletrons. Sine
then, heat apaity, magnetoabsorption and magneto-
transport measurements
5,6,7
have been performed in or-
der to understand the main features of this novel state,
however, valuable information an be still extrated from
the NMR experiments.
Reently, new OPNMR measurements
8
of the
71
Ga
nulei in n-doped GaAs/Al0.1Ga0.9As multiple quantum
wells were performed at temperatures (T ≈ 0.3 K) lower
than the ones onsidered in Ref. 4. In Ref. 8, Khan-
delwal et al. observed that the Knight shift data around
ν = 1 onsist of a tilted plateau, in ontrast to the
symmetrial fall at higher temperatures. As NMR is a
loal probe, it was argued that the existene of the tilted
plateau is related to the loalization of the skyrmions.
In addition, the full width at half maximum (FWHM)
of the OPNMR signal has a non-monotoni temperature
dependene at ν ≈ 1, inreasing when the temperature is
lowered up to a ritial value and then, falling down. It
is well known
9
that the linewidth of the NMR measure-
ments is aeted by the dynamis of the nulei (motional
narrowing eet). However, as the
71
Ga nulei are spa-
tially xed in the GaAs quantum wells, any observed dy-
namial eet must be related to the dynamis of 2DEG.
In partiular, if ν ≈ 1, those eets should be related
to the skyrmion dynamis. In this senario, the behav-
ior of the FWHM an be understood as an evolution of
the skyrmion dynamis from the motional-narrowed to
the frozen regimes, as the temperature dereases
8
. This
non-monotoni behavior of the linewidth was previously
observed by Kuzma et al.
10
when the lling fator of the
2DEG was slightly hanged around ν = 1/3. Later on,
in order to investigate the evolution of the spetral line
shape as funtion of T , Sinova and oworkers11 simulated
the NMR signal of
71
Ga nulei when ν ≈ 1. As at low T
it is expeted that the short length sale orrelations on-
tain the ground state features, the 2DEG in Ref. 11 was
desribed by an square skyrmion lattie
12
that randomly
jumps -as a whole- over an average distane. Despite the
fat that the formation of a pinned Wigner rystal has
never been observed in the range of temperatures where
the experiments
8,10
have been performed, the approah
used in Ref. 11 reprodued the qualitative behavior of
the FWHM near the ompletely frozen situation. How-
ever, as far as we know, no expliit orrespondene has
been established between the temperature dependene of
the skyrmion dynamis, for the whole range of experi-
mentally available temperatures, and the line shape of
the NMR experiments. This is preisely the main goal of
this paper.
Here, instead of trying a fully quantum mehanial ap-
proah for the Fermi ontat interation between
71
Ga
nulei and the 2DEG for ν ≈ 1 we will use a semilassial
theory, in whih the skyrmion enter of mass is treated
as a true dynamial variable
13
to whih a temperature
dependent diusion onstant is assoiated
14
. This way
of faing the problem will allow us to study the whole
range of temperature, namely from the omplete deloal-
ized situation to the frozen limit.
We organize this paper as follows. In setion II the
model used to desribe the skyrmion dynamis and the
2loalization by disorder are presented and the dependene
of the linewidth with the temperature is alulated. Se-
tion III is devoted to analyze the hange in the energy
of the skyrmions when impurities are taken into aount.
Finally in Se. IV we present the nal results and our
onlusions.
II. THE LINEWIDTH TEMPERATURE
DEPENDENCE
To start with we reall that the FWHM in the mag-
neti resonane experiment is proportional to the in-
dued phase shift experiened by the nulei every time
they interat with a utuating eld. More preisely, the
FWHM is equal to T−12 , where T2 is the transversal relax-
ation time
9
. For the Ga nulei in the quantum wells, the
utuating eld is given by the deviation from the om-
pletely polarized state provided by moving skyrmions.
Therefore, the spins of the
71
Ga nulei will preess with
an extra phase over its normal preession (in the presene
of the ompletely polarized state) every time a skyrmion
passes near by. This hange in phase an be alulated
as δφ = ± γn n τ9, where γn is the giromagneti ratio for
the
71
Ga nulei, n is the utuating eld assoiated to
the skyrmion magnetization and τ is the interation time.
The mean square dephasing 〈∆φ2〉 after n τ -intervals of
time will be n (γn n τ)
2
. Here n = 2DtNfs/S is the num-
ber of skyrmions passing by the nuleus in a time t, with
Nfs being the number of free skyrmions, D the diu-
sion onstant and S the quantum well surfae area. As
a result,
〈∆φ2〉 = 2DNfsS (γn n τ)
2t. (1)
Now, if we dene T2 as the time for a group of spins in
phase at t = 0 get about one radian out of step9 we nd
that
T−12 =
2DNfs
S (γn n τ)
2. (2)
On the other hand, the time interval τ an be estimated
from the diusion onstant assuming that the length in
whih the skyrmions eetively interat with the nuleus
is about one lattie onstant a. In this way τ ∼ a2/2D
and
T−12 =
a4
2SD
Nfs(γn n)
2. (3)
Now, in order to make the temperature dependene
of expression (3) expliit, we need to know how the
skyrmion diusion onstant hanges with the tempera-
ture. From the semilassial point of view the study
of the skyrmion dynamis was performed
13,14
starting
from a generalized non-linear sigma model, whih has the
skyrmion as the lowest lying harged exitation
2
. Within
this approah the origin of the non trivial skyrmion dy-
namis an be understood in terms of its interation with
the thermal bath of spin waves. This kind of interation
an be orretly treated using the well known olletive
oordinate method
15
. This tehnique promotes the en-
ter of mass of the skyrmion to a true dynamial variable
and, as a nal result, provide us with a Hamiltonian in
whih the skyrmion momentum is oupled to the gen-
eralized spin wave momentum. The eetive equation
of motion for a single skyrmion was obtained using the
Feynman-Vernon funtional approah
16
(by traing out
the magnons' degrees of freedom) and orresponds to a
Brownian partile with temperature dependent damping
and diusion onstants. The expliit temperature depen-
dene of the skyrmion diusion oeients
14
is given by
D = DT 3 exp (−2g/T ) , (4)
where the Zeeman gap (g = g∗µBB) will be measured in
Kelvin.
In expression (3) not only the diusion onstant but
also the number of free, or moving, skyrmions are tem-
perature dependent quantities. In fat, as it was pointed
out by Nederveen and Nazarov
17
, the donors situated on
a layer loated at a distane d from the 2DEG (inside the
potential barriers) generate a random attrative poten-
tial (disorder) in whih the skyrmions start to loalize
below some temperature. For higher temperatures the
number of skyrmions will be only determined by the de-
viation of the lling fator from ν = 1. Therefore, around
any additional eletron or hole (whose number is N0) in-
trodued in the ompletely polarized state, a new spin
texture will be formed. In this ase the number of free,
or moving, skyrmions (Nfs) exatly oinides with N0,
whih is related to the eletroni density of the 2DEG n0
byN0 = n0S |1− ν|.
As it an be seen our model assume that as the tem-
perature is lowered the number of free skyrmions de-
reases. At rst sight if the unbinding of skyrmions from
the disordered enters is a thermally ativated proess,
the number of free spin textures will be roughly given by
Nsf = n0S |1− ν| exp (−U/T ), where U is some average
value of the attrative potential indued by the disorder.
However, this simple assumption implies that all parti-
les loalize at the same temperature, in ontradition
with the dierent patterns observed in the Knight shift
measurements for dierent values of ν. In order to be
more realisti in modeling the disorder, a ertain degree
of orrelation between them should be inluded. The
main eet of this orrelation is nothing but a distribu-
tion of potentials with dierent depths in suh a way that
as the temperature dereases the skyrmions start to lo-
alize in the deepest wells and this proess ontinues until
the last skyrmion loalizes in the shallowest well. If this
distribution is assumed to be Gaussian around some spe-
i value Uo, the number of potentials with depth U an
be written as
n(U) = N exp (−(U − U0)2/∆2) , (5)
where the onstant N is related to the total number of
3donors loalized in the barriers between the GaAs quan-
tum wells. As all the eletrons in the 2DEG arise from
the donors their number should be equal, i.e.,
n0S = N
∫
∞
0
dU e−(U−U0)
2/∆2
=
√
π
2
N∆(1 + erf (U0/∆)) , (6)
where erf(x) is the error integral18.
Now, using expressions (4) and (5) the temperature
dependene of the transversal relaxation time (3) an be
generalized to be a mean value over the potential distri-
bution as
T−12 ∼
e2g/T
T 3
∫
∞
Umin
dU e−(U−U0)
2/∆2e−U/T . (7)
Here, the value of Umin is related to the total number of
skyrmions in the 2DEG through
n0 |1− ν| S = N
∫
∞
Umin
dU e−(U−U0)
2/∆2
=
√
π
2
N∆
[
1 + erf
(
Umin − U0
∆
)]
. (8)
Notie that as the number of skyrmions inreases
with|1− ν|, the value of Umin should derease in order to
aommodate all skyrmions in the loalization enters.
Finally, integrating Eq. (7) and using the expressions
(6) and (8), it is possible to show that
T−12 ∼
e2g/T−(∆
2
−4TU0)/4T
2
T 3
[
1− erf
(
∆
2T
+ φ
)]
(9)
where φ is given by
φ = erf−1
(
1− |1− ν|
[
1 + erf
(
U0
∆
)])
,
and erf−1(x) is the inverse funtion of erf(x).
As it an be heked expression (9) is a non mono-
toni funtion of the temperature. In fat in the high
temperature limit, where the loalization eets are neg-
ligible, the NMR linewidth (T−12 ) goes to zero in agree-
ment with the motional narrowed eet observed in the
experiments. If we look in the opposite diretion (low
temperatures) where the slow motion of the skyrmions
tends to inrease the linewidth, the exponentially small
number of free skyrmions anels out this eet and the
linewidth dereases again. This is preisely the frozen
limit found in the NMR measurements. Therefore the
interplay between skyrmion dynamis and loalization
indued by disorder in the system reprodues some of
the major features of the transversal relaxation time near
ν = 1. It is worth pointing out that depending on the
disorder strength the 2DEG, away from ν = 1, an evolve
to dierent phases
19
whih in priniple an inuene the
linewidth measurements. However, these physis was not
inluded in our very simple model.
III. SKYRMION IN THE PRESENCE OF
DISORDER
At this point nothing is left but to estimate the value
of U0 due to the impurities loalized outside the quantum
well. This an be done omputing the hange in energy
of an isolated skyrmion due to the presene of a posi-
tive harged ion. In order to do that the skyrmions will
be desribed by an eetive generalized nonlinear sigma
model
2
in terms of an unit vetor eld m(r) assoiated
to the eletroni spin orientation. The Lagrangian den-
sity whih desribes these objets in the presene of an
external magneti eld B an be written as
L0 = T (m)− V (m), (10)
where
T (m) =
~ρ
4
A(m) · ∂tm, (11)
and
V (m) =
1
2
[
ρs (∇m)2 + g∗ρµB m ·B
− e
2
ǫ
∫
dr′2
q(r) q(r′)
|r− r′|
]
. (12)
In the kineti term (10) ρ denotes the eletroni density
and A[m] orresponds to the vetor potential of a unit
monopole, i.e., ǫijk∂jA
k = mi. On the other hand in the
potential energy density (12), ρs is the spin stiness, g
∗
is the eetive Landé fator, ρ = 1/(2πl2) is the uniform
eletroni bakground density and ǫ is the dieletri on-
stant of the bakground semiondutor. The deviation
of the physial density from the uniform value ρ deter-
mines the skyrmion density q(r), whih an be expliitly
written as
q(r) =
1
8π
ǫµη m(r) · (∂µm(r) × ∂ηm(r)), (13)
and whose spatial integral is the topologial harge.
Instead of diretly trying to solve (10)-(12), Sondhi
et al.
2
onsidered the soliton solution of the nonlinear
σ model obtained by Belavin and Polyakov20 with a
xed size λ, whih is set by the ompetition between
the Coulomb and Zeeman interations inluded in (12).
Therefore, within this approah, the stati solution of
(10) an be written as
m0x(y) =
4λr cos θ(sin θ)
r2 + 4λ2
, m0z =
r2 − 4λ2
r2 + 4λ2
, (14)
whih desribes a skyrmion of unit topologial harge
loalized at the origin. The skyrmion size is given by
λ = 0.558l0(g˜ |ln g˜|)−1/3, where l0 stands for the mag-
neti length and g˜ = gµBB/ǫ. In this approximation the
skyrmion density is given by q(r) = 4λ2/π(4λ2 + r2)2.
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Figure 1: Eetive potential in K as a funtion of r0 ( the
skyrmion-donors distane in the the 2DEG). The ontinuous
line orresponds to d = 900Å and the dashed line to d =
1800Å.
As pointed out earlier, the disorder eet in the 2DEG
is related to the donors situated in a layer whose dis-
tane from the 2DEG is d. In order to inlude those ef-
fets in the skyrmion dynamis, we add an extra term to
the the Lagrangian density (10). If we onsider that the
skyrmion density q(r) is oupled to the disorder poten-
tial via Coulomb interation, our model for the skyrmion-
impurity system is given by the Lagrangian density
L = L0 − e
2q(r)
ǫ |d2 + (r− r0)2| (15)
where e is the eletron harge and r0 denotes the donor
oordinate at the 2DEG plane. One we are assuming a
very simple model to desribe the system, we will not on-
sider the fat that the disorder potential an be sreened
by the 2DEG as pointed out by Efros et al
21
.
>From expressions (10)-(12) and (15), the energy fun-
tional for a single stati skyrmion an be written as
E =
∫ [
V [m] +
e2q(r)
ǫ |d2 + (r− r0)2|
]
dr2, (16)
where V (m) is the interating potential related to the
Lagrangian density (10)-(12) and the integral of the se-
ond term is performed over the whole plane ontaining
the 2DEG. If we assume that the presene of the dis-
order does not modify the skyrmion form and size, the
energy of the system will be given by Equation (16) with
m(r) = m0(r). Therefore, the hange in energy of a sin-
gle skyrmion due to the disorder potential is given by
Ueff (r0) = E − E0, where E0 =
∫
V (m0(r, λ))dr2.
The spei form of Ueff as a funtion of r0 (the
skyrmion-donor distane in the plane of the 2DEG) is
illustrated in Fig. 1 for λ = 1.2l0 (the skyrmion size at
B = 7T , see appendix). As it an be seen, the minimum
in energy orresponds to the ase where the impurity
position in the 2DEG plane exatly oinides with the
skyrmion enter. Therefore, the parameter U0 in Eq. (9)
an be estimated as the value of Ueff at r0 = 0. If we
use a typial value of the distane from the donors to the
2DEG as d ∼ 1.800Å10, we onlude that U0 ∼ 7K. It
is interesting to notie that the value of the estimated U0
is of the same order of the disordered loalizing potential
reported in Ref. 17 for the ase in whih ν ≈ 1.
IV. RESULTS AND DISCUSSION
At this point we an turn or attention to the linewidth
behavior as a funtion of the temperature. Fig. 2 shows
a plot of equation (9) as a funtion of temperature for
dierent values of |1− ν| with U0 = 7K, ∆ = 2K and
g = 2K (the Zeeman gap at B = 7T ). One an see that,
T−12 has the non-monotoni behavior observed in the OP-
NMR experiments
8,10
going from the motional-narrowed
regime at relative high temperatures to the frozen limit
as the temperature dereases. The agreement between
the theory and the experimental data reported in Ref.
8 suggests that the relevant gapless mode that indue
short nulear relaxation times T1 near ν ≈ 1 is preisely
the translational mode
13,14
. On the other hand, it an
be seen that as | 1 − ν | inreases the maximum value
of 1/T2 also inrease. On physial grounds this an be
expeted, beause as the number of skyrmions grows, the
possibility of nding free skyrmions whih eetively in-
due nulei dephasing, inreases. Although for the ν ≈ 1
measurements
8
this kind of behavior is almost unlear,
in the ν ≈ 1/3 situation it an be neatedly observed10.
For U0 equal to the potential depth estimated from the
isolated impurity ase, the peak position -indiating the
hange in the dynamial regime- is around 1.7K whih is
very lose to the reported experimental data
8
. It is possi-
ble to show that if U0 hanges from 4K to 8K, the peak
position varies from 1K to 2.2K remaining within the
0 1 2 3 4 5 6
T (K)
T 2
-
1
(a.
u.)
|1-ν| = 0.031
|1-ν| = 0.045
|1-ν| = 0.051
Figure 2: T−1
2
(FWHM) as a funtion of temperature for
U0 = 7K, ∆ = 2K, g = 2K and dierent lling fator
values.
5reported results
8
. As it an be seen in Fig. 2, the peak
position is almost onstant as the lling fator hanges,
whih is in ontradition with the experimental results for
ν ≈ 18 but in agreement with the ν ≈ 1/3 ase10. This
disrepany ould be possibly assoiated with the non in-
terating skyrmions approah we have employed, that is
more appropriate for the small skyrmion near ν = 1/3.
This onjeture an be tested by applying an in-plane
magneti eld, whih does not hange the lling fator
but inrease the Zeeman energy making the skyrmion
smaller.
It is worth pointing out that our model for the
linewidth of the NMR signal is in agreement with the
senario suggested for the observed tilted plateau in the
in the Knight shift measurements for the 2DEG when
ν ≈ 1. In this ase, the existene of the tilted plateau
is also related to the loalization of the quasipartiles in-
trodued in the 2DEG as the lling fator deviates from
ν = 18.
Summarizing, we have developed a very simple theory
whih desribes the evolution of the NMR line prole of
the
71
Ga nulei oupled to the 2DEG (near ν = 1) as a
funtion of the whole available temperature range whih
seems to be in fairly good agreement with the experimen-
tal data.
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VI. APPENDIX
In the table below, we show the energy sales for the
quantum Hall system at ν = 1 in Kelvin. In all expres-
sions, the magneti eld is measure in Tesla. For GaAs
quantum wells ǫ ≈ 13.
Energy sales (K)
ǫC e
2/ǫl0 50.40
√
B
g g∗µBB 0.33B
ρs ǫC/(16
√
2π) 1.25
√
B
Therefore the skyrmion size λ = 0.558l0(g˜ |ln g˜|)−1/3
alulated as desribed in the text an be written as
λ = 3.08
(√
B
∣∣∣ln(5.95× 10−3√B)∣∣∣)−1/3, where l0 =√
~c/eB = 256/
√
BÅ.
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